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Determination of the Thermodynamic Properties of 
Water from Measurements of the Speed of Sound in 
the Temperature Range 251.15-293.15 K and 
the Pressure Range 0.1-350 MPa 
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The speed of sound in water has been measured in a broad region around the 
liquid-solid transition, that is, in the temperature range from 251.15 K to 293.15 
K and in the pressure range from 0.1 to 350 MPa. An iterative method of 
calculation was used to determine the thermodynamic properties in the same 
P-T diagram. Anomalies observed for the isothermal compressibility and the 
specific heat at constant pressure are discussed in terms of statistical mechanical 
considerations. 

KEY WORDS: high pressure; liquid-solid transition; speed of sound; su- 
percooled region; thermodynamic properties; water. 

1. I N T R O D U C T I O N  

U p  to now very few exper iments  have  been  carr ied  out  on  the t he rmody-  
namic  proper t ies  of water  in the region of the phase  d i a g r a m  ex tend ing  
f rom 0.1 to 350 M P a  in pressure  and  f rom 251.15 K to 293.15 K in 
tempera ture .  F o r  var ious  reasons  it was interest ing to unde r t ake  such 
measurements .  Dur ing  the last  10 years,  some de ta i led  work  has  been  
pub l i shed  on  the so-cal led a b n o r m a l  behav io r  of supercoo led  water  [1-9]. I t  
was interes t ing to compa re  the t h e r m o d y n a m i c  da t a  ca lcu la ted  bo th  f rom 
this work  a n d  our  measurement s  a n d  to show how the behav io r  of water  
unde r  pressure  be tween  251.15 K a n d  293.15 K can  be  ex t rapo la t ed  to the 
supercooled  region.  

1LIMHP-CNRS, Universit~ Paris-Nord, Villetaneuse 93430, France. 

35 
0195-928X/83/0300-0035503.00/0 �9 Plenum Publishing Corporation 



36 Petitet, Tufeu and Le Neindre 

We also show that the knowledge of the speed of sound under pressure 
associated with the specific heat at constant pressure and the density at 
atmospheric pressure was adequate to determine all thermodynamic proper- 
ties of water in the region of this study. Moreover, the possibility of 
maintaining biological substances at very low temperatures in liquid aque- 
ous media might have important scientific and economic applications. The 
above-given various reasons justified a study of the thermodynamic proper- 
ties of water at low temperatures. 

2. D E T E R M I N A T I O N  O F  T H E R M O D Y N A M I C  P R O P E R T I E S  

Knowledge of the following three quantities, the specific heat at 
constant pressure, Cp, the density, p, and the speed of sound, u, allows the 
determination of a set of thermodynamic properties which characterizes the 
liquid state of a substance. Generally, it is difficult to measure these three 
quantities with the same accuracy. Particularly at high pressures, there is no 
simple way to measure directly, with high accuracy, the specific heat (at 
constant pressure) of a fluid. So it seems appropriate to use an indirect 
method of determination. 

From an experimental point of view, of the three quantities Cp, O, and 
u, the speed of sound is the easiest to measure at high pressures with a good 
accuracy. Thus the speed of sound and the density can be measured with 
an accuracy better than 0.5%, but the specific heat is rarely determined 
with an accuracy better than 1%, even in the most careful experiments. 

From speed of sound data, in the entire pressure range, and from the 
knowledge of p and Cp along one isobar (which is generally taken at 
atmospheric pressure), an iterative method is used to calculate p, Cp, a, the 
isothermal and isobaric compressibilities, and the ratio 7 = Cp/Cv in the 
P-T diagram. The starting relations are 

1 Ma2T ) do= -~ + --~p d P (1) 

ocp T( ~ (2) 

where a, M, and p are, respectively, the expansion coefficient, the molar 
mass, and the density. This method has been used to calculate thermody- 
namic properties of different fluids [10-13]. Previously, we applied this 
method to the determination of thermodynamic properties of a molten salt 
under pressure [14]. At atmospheric pressure there are a large number of 
data between 251.15 K and 288.25 K which can be used in the calculations. 
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Values of the specific heat at constant pressure were taken from ref. [6] and 
values of the density from ref. [3]. Calculations were performed in the range 
from 251.15 K to 228.15 K and from 0.1 to 380 MPa. 

3. EXPERIMENTAL M E T H O D  OF SPEED OF SOUND 
MEASUREMENTS 

To measure the speed of sound, we used the method of echo overlap- 
ping which was developed by Papadakis [15]. The frequency used was 10 
MHz. The tight cell was made of stainless steel. Measurements were 
performed by reflection from a polished surface made of tungsten, which is 
known for its good reflective properties. The piezoelectric element, which is 
an x-cut quartz, was connected to the buffer rod by a liquid of very low 
vapor pressure. It was centered and held on this buffer rod with a screw. 
Mechanical motions due to pressure change were compensated by springs 
(Fig. 1). The thickness of the sample was defined by a calibrated ring made 
of stainless steel. In the final results, corrections were made to take into 
account the compressibility and the thermal expansion of the calibrated 
ring. 

The cell was filled under vacuum with distilled water. A metallic 
bellows made of stainless steel was used as the pressure transmitter and 
compensator for the fluid compressibility and expansion. The tightness of 
the cell was secured by a needle. The cell was set up in a high pressure 
vessel immersed in a thermostated bath. In these conditions temperature 
gradients were nonexistent at the level of the sample under study. The 
temperature was measured inside the cell with a type E thermocouple well 
adapted to the temperature range of these experiments. The pressure was 
generated by a pneumatic compressor associated with a dry-piston intensi- 
fier. The compressing gas was dry argon. 

BUFFER ROD ,~' ~E~' ' "~// BELLOWS 

~QUART LIQUID SAMPLE 
5 c m  

I I 

Fig. 1. Tight cell used to measure the speed of sound. 
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4. RESULTS 

Experimental results are reported in Table I. They were fitted by a 
least squares method to a polynomial function of T and P. To avoid 
uncertainties related to the extrapolation of the polynomial below 273.15 K, 
we have used, for the fit, experimental measurements of the speed of sound 
at atmospheric pressure reported in ref. [7]. The polynomial form which 
was used is 

u ( Z , e )  = ~ ~ A i , j r i p  j (3) 
i j 

where u is given in m .  s -  1 T in ~ and P in 10 5 Pa (bar). Coefficients of 
the polynomial are given in Table II. The standard deviation is defined by 
[~(Uex p -- UcaL)2/n] 1/2 ---- 2.1 m .  s-1, where n is the number of experiments. 
The estimation of the empirical standard deviation of fitted values is 
defined by [~(Uex p - U c a l ) 2 / n ( n  - m)] 1/2= 0.2 -1 m .  s - l ,  where (n - m) is 
the number of degrees of freedom. 

In Fig. 2 we report the standard deviation of the experimental values 
with regard to fitted ones along three isotherms. In Fig. 3, isobars of the 
speed of sound are shown. The limiting value of the speed of sound at the 
lower temperature in the liquid phase, i.e., at - 2 2 ~  and 204.5 MPa is 
1690 m .  s-1. If we compare our results with those of Vedam and Holton 
[10] along the 0~ isotherm, our values deviate by 0.1% at 100 MPa, 0.2% 
at 200 MPa, and 0.4% at 300 MPa. 

Table I. Experimental Results of the Speed of Sound of Water in the Temperature 
Region Below 20~ Including the Supercooled Region 

p T Uex p Ucalc 

(MPa) (~ (m- s -  l) (m- s -  l) 

0.1 22.4 1488.7 1487.2 
0.1 16.9 1473.0 1472.9 
0.1 14.2 1463.5 1463.3 
0.1 13.8 1462.1 1461.8 
0.1 9.3 1443.5 1443.7 
0.1 7.8 1437.9 1437.1 
0.1 2.7 1414.0 1412.9 

11.0 2.9 1434.5 1434.0 
11.0 2.0 1428.9 1429.4 
10.8 0.7 1422.6 1422.2 
0.1 0 1402.0 1399.3 
0.1 - 5.0 1374.0 1372.9 
0.1 - 15.0 1322.0 1319.4 
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Tab le  I. Con t i nued .  

P T Uex p Ucalc 

( M P a )  (~  ( m .  s -  1) ( m .  s -  1) 

0.1 - 10.0 1346.0 1346.0 

0.1 - 20.0 1293.0 1293.9 

20.3 - 0.17 1433.4 1434.4 

39.0 - 0.73 1462.1 1465.2 

75.6 - 0.60 1530.1 1531.9 

116.5 - 0,41 1608.7 1606.9 

169.8 - O. 12 1705.9 1703.4 

226.7 - 0.14 1805.5 1804.6 

288.3 - 0.31 1904.7 1905.9 

328.3 - 0.44 1965.0 1967.0 

376.1 - 0.49 2035.0 2032,3 

239.0 - 5.9 1805.7 1807.4 

309.8 - 6.0 1921.3 1925.5 

338.1 - 6.2 1964.8 1967.0 

196.2 - 6.1 1731.5 1729.1 

196,2 - 5.9 1732.4 1729.9 

161.9 - 5.7 1669.0 1667.0 

136.7 - 5.7 1620.1 1620.0 

99.4 - 5.7 1549,4 1550.3 

99.6 - 5.6 1550,3 1551.2 

8'7.8 - 5.6 1526.9 1529.3 

79.0 - 5.6 1509.0 1512.9 

114.1 - 8.7 1563.6 1564.4 

114A - 10.0 1555.0 1558.8 

149.3 - 10.1 1625.1 1625,3 

197.1 - 10.2 1718,2 1715,3 

243.9 - 10.2 1802,6 1801.5 

291.9 - 10.2 1884.4 1884,6 

281.9 - 10.1 1869.4 1868,4 

339.0 - 10,2 1959.5 1959.1 

332.3 - 10.2 1949.4 1949.2 

325.6 - 10.2 1938.0 1939.0 

319.7 - 10.1 1928.5 1930.1 

359.4 - 10.2 1989.3 1988.0 

351.7 - 10.2 1978.4 1977.4 

342.0 - 10.2 1964.2 1963.5 

308.9 - 9.9 1913.8 1913.6 

173.7 - 11.0 1667.3 1668.0 

195.2 - 11.4 1708.8 1707.2 

155.2 - 13.2 1623.4 1623.7 

193.2 - 13.3 1698.0 1696.1 

250.4 - 13.4 1803.4 1802.5 

245.9 - 13.4 1794.7 1794.3 

240.1 - 13.4 1784.9 1783.7 

297.1 - 13.4 1881.4 1884.3 

283.8 - 13.8 1860.9 1860.5 
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P 

(MPa) 

T 

(~ 

T a b l e  I .  C o n t i n u e d .  

Uexp 
(m- s -1) 

Ucalc 
(m" S - l )  

277.4 
334.6 
325.4 
315.8 
364.3 
354.1 
344.9 
336.2 
187.9 
181.5 
247.9 
244.9 
300.1 
287.3 
276.4 
184.9 
245.9 
229.4 
288.3 
281.4 
266.6 
241.5 
219.6 
207.9 
249.3 
247.7 
239.1 
236.6 
253.9 
234.2 
243.9 
215.7 
214.7 
197.0 
198.1 
39.2 
70.7 

118.1 
141.6 
198.1 
255.8 
323.9 
389.9 
444.5 
456.3 
461.6 

- 1 3 . 8  

- 1 3 . 8  

- 1 4 . 1  

- 1 4 . 1  

- 1 4 . 0  

- 1 4 . 2  

- 1 4 . 2  

- 1 4 . 2  

- 1 5 . 7  

- 1 6 . 4  

- 1 6 . 4  

- 1 6 . 5  

- 1 6 . 7  

- 1 6 . 9  

- 1 6 . 9  

- 1 7 . 7  

- 1 7 . 9  

- 1 8 . 0  

- 1 8 . 0  

- 1 8 . 2  

- 1 8 . 1  

- 1 8 . 2  

- 1 8 . 2  

- 1 9 . 4  

- 1 9 . 7  

- 19.7 
- 20.0 
- 20.0 
- 20.5 
- 20.0 
- 20.5 
- 20.3 
- 20.2 
- 20.2 
- 19.8 

19.4 
19.4 
19.4 
19.3 
19.4 
19.4 
19.4 
19.4 
19.4 
19.4 
19.5 

1850.2 
1942.8 
1927.7 
1911.6 
1989.0 
1970.9 
1957.9 
1943.6 
1677.3 
1660.7 
1789.7 
1783.8 
1879.2 
1858.0 
1838.6 
1662.0 
1781.2 
1749.6 
1856.5 
1843.7 
1817.2 
1772.1 
1729.8 
1704.8 
1784.4 
1780.6 
1765.2 
1760.1 
1790.5 
1754.8 
1772.3 
1717.7 
1714.9 
1679.9 
1677.1 
1544.4 
1599.2 
1680.2 
1717.4 
1809.4 
1897.4 
1995.6 
2084.8 
2155.2 
2169.8 
2175.8 

1849.3 
1943.4 
1928.3 
1913.1 
1985.8 
1971.0 
1957.7 
1944.7 
1676.8 
1661.6 
1788.8 
1782.9 
1880.2 
1858.0 
1839.1 
1663.2 
1781.1 
1749.5 
1857.1 
1844.8 
1818.8 
1772.1 
1730.0 
1703.4 
1783.7 
1780.7 
1763.6 
1758.8 
1791.1 
1754.1 
1772.0 
1716.6 
1714.8 
1678.7 
1682.3 
1547.5 
1600.9 
1679.6 
1717.9 
1807.7 
1896.1 
1995.6 
2086.4 
2156.7 
2171.2 
2172.5 
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Fig. 2. Values of the standard deviation of experimental data of speed of sound in water with 
respect to calculated ones. 
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Fig. 3. Isobars of speed of sound in water as a function of temperature. 
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We have also fitted our results between 0 and 20~ and from 0.1 to 
350 MPa, those of Vedam and Holton [10] between 0 and 30~ and from 
0.1 to 700 MPa, and those of Alexandrov and Parkin [16] between 0 and 10 
K and 0.1 and 100 MPa. We used a polynomial of the fourth degree in 
temperature and pressure. The estimation of the standard deviation of 
fitted values for this second polynomial is also 0.2 m- s-J. The coefficients 
are reported in Table III. 

Calculations of thermodynamic properties were made only by using 
the first polynomial. With the iterative method described previously and 
based on Eqs. (1) and (2), we calculated densities in the entire region of this 
study. Values of density obtained by this calculation are compared to those 
of Kell and Whalley [I1] up to 100 MPa above 0~ (Fig. 4). The deviation 
is smaller than 0.1%. The comparison was also made with the values 
calculated by the H.G.K. equation of state (derived by Haar et al. [17]) 
along the 15~ isotherm. The deviation is less than 0.04% up to 220 MPa, 
but increases to 0.43% at 380 MPa. However, we must remark that this 
isotherm is just at the boundary of these two series of determinations. The 
good quality of this result arises from the term (a2/Cp)TMAP, which is 

1100 

E 

u l  
=..., 

o j  
C31 

1000 

-20 

/ 
,._. 

\ 
\ .  

\ 
i \ 

\ 
\ 

\ 

\ 0.1 MP 

I i I i 
-10  0 10 

Tern per at u re, ~ 

Fig. 4. Density of water calculated from speed of sound measurements  as a function of 
temperature, o, Data  of Kell and  Whalley. 
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Table IV. Values of Adiabat ic  Compressibility of Water  

P 

(MPa) 
T 

(~ 0.1 60 100 200 300 

- 20 0.6021 0.4984 0.4390 0.3257 0.2560 

- 10 0.5530 0.4604 0.4090 0.3122 0.2491 

0 0.5105 0.4300 0.3852 0.3001 0.2432 

+ 10 0.4778 0.4023 0.3630 0.2913 0.2397 

always of an order of magnitude lower than (1/u2)AP, which is measured 
in the experiment. The value of the density at the lower temperature in the 
liquid state, i.e., - 2 2 ~  at 204.5 MPa, is 1088 kg �9 m -3. 

We have also calculated isothermal and adiabatic compressibilities and 
the ratio of specific heats. In fact, in these three cases, the a2/Ce term is 
only a corrective term, and all the results can be considered as satisfactory. 
Some values of Ks, the adiabatic compressibility, and of ~, = Cp/C~ are 
reported in Tables IV and V. Some isobars of the isothermal compressibil- 
ity are shown in Fig. 5. The value of the isothermal compressibility at 
- 2 2 ~  and 204.5 MPa is 0.325 • 10 -9 Pa -1. This figure is interesting 
because it shows the limitation in the use of the iterative method. In fact, 
fluctuations appear at about 300 MPa which have no physical meaning. 
This phenomenon is well known to authors who have used this method 
previously [10, 11] and is generated mainly from a deficiency in the 
mathematical model itself. A similar remark was made in our previous 
study of a molten salt under pressure [14]. However, our results are in good 
agreement on the one hand with those of Kanno and Angell (18), and on 
the other hand, with those of Ter Minassian et al. [4] obtained by two 
different methods. 

In the calculation of the specific heat, the lack of accuracy in the 
determination of the thermal expansion led us to use the experimental 

Table V. Values of y = @ / C  v of Water 

P 

(MPa) 
T( ~ C) 0.1 60 100 200 300 

- 20 1.044 1:003 1.000 1.019 1.044 

- 10 1.010 1.000 1.003 1.022 1.045 

0 1.001 1.002 1.007 1.027 1.047 

+ 10 1.001 1.007 1.014 1.032 1.051 
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T e m p e r a t u r e ,  ~ 

Fig. 5. Isothermal compressibility of water as a function of temperature. 
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Fig. 6. Specific heat at constant pressure of water ( •  Alexandrov et al.; O, Ter Minassian et 
al,; /% HGK equation of state). 
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Fig. 7. Specific heat at constant volume of water (•  Alexandrov et al.; /% HGKequation of 
state). 

results published by Ter Minassian et al. (4). These authors measured the 
isothermal heat of compression in a calorimeter. This quantity is given by 

Aq= - a T V ~ P  (4) 

The advantage of the method is to obtain directly the coefficient of thermal 
expansion a and to avoid all the inaccurate calculations of the derivative of 
the volume with respect to temperature. Specific heat at constant pressure 
Cp and constant volume C v are shown, respectively, in Figs. 6 and 7. If we 
take into account the accuracy generally reported for this type of experi- 
ment (1% for the best conditions), the agreement is good with values 
published in the literature [4, 13]. We shall remark that H.G.K. equation of 
state [17] yields satisfactory results up to 200 MPa, but obviously deviates 
from our estimation above. 

5. DISCUSSION 

Experimentally we have shown that the speed of sound decreases when 
the temperature decreases at constant pressure, but that the effect decreases 
when the pressure increases. However, if we plot the speed of sound as a 
function of the density, as shown in Fig. 8, it may be seen that the speed of 
sound increases smoothly when both the density and the temperature 
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Fig. 8. Speed of sound in water as a function of density. 

increase. This figure shows that density effects and temperature effects can 
be separated. 

In water at low temperatures, anomalies were observed in the behav- 
iors of the isothermal compressibility K r and the specific heat at constant 
pressure C e .  These anomalies in water are well explained by the presence 
of molecular ordering described by Stanley et al. [5] and Stanley and 
Texeira [19]. 

In Fig. 9, we have plotted T K  r isochores in terms of the temperature. 
Statistical mechanical considerations relate T K  T to the ensemble average of 
density fluctuations 8p = p - ~: 

V k~rKT = (80)2 ~ (5) 

where k B is the Boltzmann's constant. For most liquids T K  r decreases with 
decreasing temperature. This is also true for liquid water up to a tempera- 
ture which depends on the density, but is about 50~ for p = 1005 
kg. m-3. The enhancement of density fluctuations at low temperatures was 
explained by Stanley and Texeira as due to the correlations of the spatial 
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Fig. 9. Isochores of the product of temperature and isothermal compressibility as a function of 
temperature. 

positions of various species. This effect decreases when the density in- 
creases, but is almost constant in relative value. We also notice the very 
high value of the isothermal compressibility (two times larger than for a 
molten salt under the same pressure condition [14]). 

The ensemble average of the entropy fluctuations 8 s - - s -  ~ are re- 
lated to Cp by 

kBCp = ( S s )  2 (6 )  

In the temperature-pressure diagram shown in Fig. 6, Cp increases at very 
low temperatures and atmospheric pressure, but at pressures greater than 
60 MPa, Cp decreases smoothly. 

Finally, let us remark that the specific heat at constant volume C v (Fig. 
7), as shown by the model, is entirely normal whatever the pressure and the 
temperature. This behavior was explained by the fact that the local density 
is smaller than the bulk density. All these results are also in good agreement 
with the model of heterophase fluctuations at low temperatures described 
by d'Arrigo [20]. 

6. CONCLUSIONS 

With new measurements of the speed of sound between 0.1 and 400 
MPa and down to -20~ we calculated several thermodynamic functions 
of water. In principle, the method allows us to be free of the second 
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derivative of the density with respect to temperature at constant pressure 
for the calculation of specific heats. Practically, the density, the compressi- 
bilities, and the ratio of specific heats are obtained with a good accuracy. 
In return, the thermal expansion coefficient and, consequently, specific 
heats become rapidly inaccurate when the pressure increases. The use of 
data in the literature [4] to express the thermal expansion coefficient allows 
us to obtain all the thermodynamic surfaces of water at low temperatures. 
We have shown that results are well explained by the model suggested by 
Stanley et al. [5] and Stanley and Texeira [19] to describe the abnormal 
behavior of water at low temperatures. 
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